Materials exhibiting topological order host exotic phenomena that could form the basis for novel developments in areas ranging from low-power electronics to quantum computers. The past decade has witnessed multiple experimental realizations and thousands of predictions of topological materials. However, it has been determined that increasing temperature destroys topological order, restricting many topological materials to very low temperatures and thus hampering practical applications. Here, we propose a material realization of temperature promoted topological order. We show that a semiconducting oxide that has been widely used in lead-acid batteries, β-PbO2, hosts a topological semimetallic phase driven by both thermal expansion and electron-phonon coupling upon increasing temperature. We identify the interplay between the quasi-two-dimensional nature of the charge distribution of the valence band with the three-dimensional nature of the charge distribution of the conduction band as the microscopic mechanism driving this unconventional temperature dependence. Thus, we propose a general principle to search for and design novel topological materials whose topological order is stabilized by increasing temperature. This provides a clear roadmap for taking topological materials from the laboratory to technological devices. arXiv:1909.09646v1 [cond-mat.mtrl-sci] 
Materials exhibiting topological order have the potential to revolutionize modern technology. For example, Chern insulators exhibit the quantum anomalous Hall effect supporting dissipationless currents that could form the basis for low-power electronics [1, 2] , and topological superconductors sustain Majorana fermions that could provide a platform for robust topological quantum computers [3] [4] [5] [6] . The past decade has witnessed the establishement of a solid theoretical foundation of topological order, and the prediction and observation of topological phenomena in a range of materials [7, 8] .
However, topological phenomena are currently mostly restricted to very low temperatures precluding most applications. Current experiments invariably show that increasing temperature suppresses topological order [9] [10] [11] [12] [13] and this can be rationalized with a combination of thermal expansion and electron-phonon coupling. Although electron-phonon coupling can both promote or suppress topological order [14] [15] [16] [17] [18] [19] [20] [21] , thermal expansion pushes materials towards the atomic limit which always exhibits a trivial band ordering, and as a result there are no examples of materials in which temperature promotes topological order. This prompts the question, is it possible to identify materials in which temperature promotes rather than suppresses topological order?
We present the first example of a temperaturepromoted topological phase in β-PbO 2 . With increasing temperature, both thermal expansion and electronphonon coupling contribute towards stabilizing a topologically ordered phase in an otherwise trivial semiconductor. Contrary to all known topological materials so far, we show that the coexistence of the quasi-two-dimensional real space charge distribution associated with the valence band of β-PbO 2 together with the threedimensional charge distribution of the conduction band can promote a topological phase even under thermal expansion. Furthermore, the underlying microscopic mechanism we present in this work can be employed as a guiding principle to identify other materials in which the topological order is robust at high temperatures, thus opening the door for practical room temperature applications of topological matter.
Our study is based on first-principles density functional theory (DFT) calculations performed using the Vienna ab-initio simulation package (vasp) [23] . The projectoraugmented-wave potential is used with Pb 5d 10 6s 2 6p 2 and O 2s 2 2p 4 valence states. Hybrid functional methods based on the Heyd-Scuseria-Ernzerhof (HSE06) approximation are adopted [24] [25] [26] with 25% of the exact screened Hartree-Fock exchange incorporated into the semilocal exchange within the generalized gradient approximation (GGA) in the Perdew-Burke-Ernzerhof (PBE) parametrization [27] . Based on convergence tests, we use a kinetic energy cutoff set to 500 eV and a Γcentered 4 × 4 × 6 k-mesh to sample the electronic Brillouin zone. The convergence parameters for structural relaxations include an energy difference within 10 −6 eV and a Hellman-Feynman force within 10 −4 eV/Å. For the calculation of surface states, we generate Wannier functions for the s orbitals of lead and the p orbitals of oxygen using the wannier90 package [28] combined with surface Green's functions as implemented in the Wannier-Tools package [29, 30] . The phonon dispersion, thermal expansion within the quasiharmonic approximation, and the electron-phonon interaction are calculated using the finite displacement method within the nondiagonal supercell approach [31, 32] , using coarse q-point grids of size 4 × 4 × 4 to sample the vibrational Brillouin zone. The temperature dependence of the band structures is calculated from vibrational averages along thermal lines [33, 34] . Lead dioxide has been one of the most widely used functional oxides since the invention of the lead-acid battery in 1860 [35] . Figure 1 (a) illustrates the most stable tetragonal β-PbO 2 phase (space group: P 4 2 /mnm) in which each Pb atom is at the center of an O octahedral cage. We emphasize that our subsequent analysis of β-PbO 2 is based on first principles DFT calculations using the HSE06 screened Coulomb hybrid density functional [24] [25] [26] . Compared to semilocal DFT, typically used for the study of β-PbO 2 [36, 37] , the HSE06 results show significantly better agreement with experimental measurements [38, 39] , providing a correct description of the structural, electronic and vibrational properties of this material (a detailed validation study of the level of theory required to study β-PbO 2 can be found in the Supplemental Material [40] ).
As shown in Fig. 1(b) , PbO 2 is a semiconductor with the valence band maximum (VBM) at the R point and the conduction band minimum (CBM) at the Γ point. The calculated indirect band gap of 0.24 eV and direct band gap of 0.34 eV at the Γ point agree well with previous calculations [39] . These results also agree well with hard X-ray photoelectron spectroscopy measurements, which indicate that β-PbO 2 is an instrinsic semiconductor, with the metallic behaviour exhibited by some samples arising from a partially filled conduction band due to oxygen deficiency [35, 41] . The phonon dispersion in Fig. 1 (c) shows no imaginary modes, thus indicating that the experimentally observed structure is stable at all temperatures. This is at odds with earlier DFT calculations using semilocal exchange-correlation functionals [37] , but consistent with the fact that β-PbO 2 is the most stable phase under normal laboratory conditions [35] . Fur-thermore, the HSE06 Raman active modes are in better agreement with the experimental Raman spectrum [38] than the modes calculated using semilocal DFT (see Supplemental Material [40] ).
The electronic structure of β-PbO 2 can be tuned from semiconducting to metallic by small variations of the lattice constants [39, 42] . Interestingly, the normal band ordering at the Γ point is inverted under tensile lattice strain, resulting in non-trivial band topology [42] . To illustrate this, we carry out band structure calculations under different tensile strains. Figure 2 (a) presents the band gap at the Γ point as a function of strain in the (a,b) plane and strain along the c axis. The strain conditions for which the system has normal band ordering correspond to trivial insulators with the magnitude of the band gap indicated by the red-yellow-white colour scale, whereas those with inverted band ordering are marked by the cyan colouring. Increasing the c lattice constant closes the band gap, leading to a nodal-line semimetal phase (as we discuss below) at strains larger than around 1.9%. On the other hand, the band gap is insensitive to the strain in the (a,b) plane. Thus the c axis strain is a suitable tuning parameter to control the band topology of β-PbO 2 .
To illustrate the strain effect and estimate its magnitude, we calculate the surface states under tensile strain in Fig. 2 (b) on the basis of maximally localized Wannier functions [28] and surface Green's functions [29, 30] . With an in-plane strain of 1.24% and an out-of-plane strain of 1.50%, the gap in the surface region decreases to 40 meV, and the conduction band moves below the Fermi energy due to the moving up of the VBM at the R point [panel 1 in Fig. 2(b) ]. Under a modest strain of 1.45% and 1.75% in the (a,b) plane and along the c axis, a topological phase transition occurs as the conduction band moves slightly below the valence band at the Γ point [panel 2 in states connecting the projected Dirac nodal points (the projection of the bulk nodal line onto the surface plane) [43, 44] . These surface states with a divergent density of states can be detected by angle-resolved photoemission measurements [45] , and may induce strong correlation phenomena such as high temperature superconductivity [46] .
To rationalize the behaviour of the valence and conduction bands under tensile strain, we calculate the orbital characters near the Fermi energy. As shown in Fig. 3(a) , the unstrained lattice has a normal band ordering at the Γ point with the VBM derived from the 2p xy orbitals of oxygen, and the CBM predominantly consists of the 6s orbitals of lead that hybridize with the 2p xy orbitals of oxygen. We also depict the real-space charge densities corresponding to the respective VBM and CBM at the Γ point in Fig. 3(a) . The VBM at the Γ point is constituted of the O 2p xy atomic orbitals which are oriented along the (a,b) plane of the primitive cell. This feature of the valence band can be seen as the establishment of a quasi-two-dimensional subsystem in the bulk. Instead, the CBM at the Γ point resembles the diffuse Pb 6s orbital which has a three-dimensional character. This means that under uniaxial strain along the c direction the CBM experiences a reduced electron-electron repulsion arising from electrons of neighbouring atoms (in the c direction) and as a consequence its energy decreases. In contrast, the aforementioned quasi-two-dimensional character of the valence band remains invariant under out-of-plane expansion. This leads to a relative shift of the VBM and the CBM that drives the observed band inversion. This explanation is consistent with the fact that under in-plane strain, no band inversion can be observed, which underpins the relevance of the out-of-plane anisotropy of the valence band. In this case, both valence and conduction band states experience similar stabilization effects upon expansion and therefore no crossing occurs. With larger tensile strains β-PbO 2 will revert to the standard behaviour in which lattice expansion leads to the topologically trivial atomic limit.
To explain the formation of nodal lines, we examine the symmetry properties of β-PbO 2 . For a fully relaxed unstrained crystal structure, β-PbO 2 is a trivial indirect band gap semiconductor with the minimum direct bandgap at the Γ point. Under tensile strain the band structure undergoes a band inversion at the Γ point. As shown in Fig. 3(b) , under a modest strain of 2.07% in the (a,b) plane and 2.50% along the c axis [corresponding to 4 in Fig. 2(a) ], the band gap at the Γ point is inverted with a band inversion energy of 0.11 eV, and two band crossing points are observed along the M-Γ and Γ-Z high-symmetry lines. The crossing points belong to two ring-shaped nodal lines on the (110) and (110) mirror symmetry planes, as shown in Fig. 3 (c). In the absence of spin-orbit coupling, for each mirror plane the inverted band states have mirror eigenvalues −1 and +1 respectively, thus the two crossing bands cannot hybridize with each other and are therefore not gapped, forming a nodal line on the plane. The two nodal lines on the (110) and (110) planes are identical, which is similar to transitionmetal rutile oxide PtO 2 [47] . For comparison, the band crossing on the Γ-X high-symmetry line is not protected by mirror symmetry and therefore gapped.
We next evaluate the role of spin-orbit coupling in β-PbO 2 . The crossing bands are comprised of the 6s states of the lead atoms and the 2p xy states of the light oxygen atoms. As a consequence, none of these exhibit strong spin-orbit coupling effects, and the band structure and surface states with the inclusion of spin-orbit coupling are similar to those without spin-orbit coupling. Technically, spin-orbit coupling breaks the SU(2) symmetry, generally gapping the nodal line with only one pair of Dirac points along the Γ-Z line remaining, as has been previously observed [36] . The Dirac points are protected by the fourfold screw rotationC 4z symmetry, which is a fourfold rotation about the z axis, followed by a translation by (a/2,a/2,c/2) [47] . Thus the nodal-line semimetal evolves into a Dirac semimetal with the inclusion of spinorbit coupling. Nonetheless, the weak spin-orbit coupling leads to a small gap of only 1.05 meV and the resulting physics resembles that of a nodal-line semimetal for temperatures over 12.2 K in which the bands merge due to the temperature-induced broadening (for further details on the spin-orbit coupling results, see the Supplemental Material [40] ). The same physics holds for GW 0 band structure calculations after taking exchange and correlation interactions of quasiparticles into consideration (for details on the GW 0 results, see the Supplemental Material [40] ).
The behaviour of β-PbO 2 under tensile strain discussed above indicates that, contrary to all known topological materials, thermal expansion should promote topological order in β-PbO 2 . In addition to thermal expansion, increasing temperature also enhances electronphonon coupling. We find that electron-phonon coupling has a contribution similar to that of thermal expansion to the temperature induced band inversion of β-PbO 2 . Figure 4 demonstrates the evolution of band topology as a function of temperature including both thermal expansion and electron-phonon coupling contributions, which promote the topological phase at high temperature. For unstrained PbO 2 , the band gap closes above a temperature of 595 K, which is close to the temperature at which β-PbO 2 becomes unstable [35] . Above a strain of 1.26%, the system can be driven into a topological phase even at 0 K, and in the intermediate strain regime the temperature promoted topological phase can be easily tuned to any intermediate temperature. We note that at 0 K the topological phase appears at a c strain of 1.26%, significantly lower than the required strain of around 1.9% at the static lattice level [see Fig. 2(a) ]. This difference is a purely quantum effect arising from the zero-point motion of the lattice.
The unusual temperature promoted topological order predicted in β-PbO 2 could be observed experimentally by exploiting the sensitivity of the transition temperature to the c axis strain, which would enable the tuning of the transition temperature anywhere in the range 0-595 K. Both uniaxial tensile strain along the c axis, or three-dimensional tensile strain using a stoa-like structure consisting of stylobate (substrate) and column (matrix) with appropriately matched lattice constants, could be used to scan over the phase diagram of β-PbO 2 .
The relatively low melting temperature of β-PbO 2 [35] means that it is possible to grow highly crystalline films. The appropriate substrate and matrix materials can be chosen from candidates with lattice constants in the appropriate region of the diagram in Fig. 2(a) . Using rutile TiO 2 as a substrate, with an in-plane lattice constant of a = 4.594Å, would provide in-plane compression of β-PbO 2 with an associated out-of-plane tension. Epitaxial growth of structurally analogous SnO 2 has been demonstrated on multiple orientations of a columbite CoNb 2 O 6 substrate [48] . These substrates could be good starting points for exploring the topological phase diagram of β-PbO 2 .
We also note that β-PbO 2 exhibits intrinsic defects that place the Fermi energy within the conduction bands [35, 41] . This implies that the energy of the surface states will not coincide with the Fermi energy, and therefore the topological surface states will coexist with other non-topological surface states. Nonetheless, we remark that this is a common feature of many topological materials (see, e.g., Refs. [49, 50] ) that, although detrimental for the observation of isolated topological surface states, it facilitates the use of techniques such as angleresolved photoemission spectroscopy for the detection of such states.
In summary, we have predicted that with a combination of thermal expansion and electron-phonon couping, β-PbO 2 transforms from a trivial semiconductor at low temperatures to a topological semimetal at high temperatures. This behaviour contrasts with that of all known topological materials, most of which cannot hold topological order at high temperatures, with notorious examples including Chern insulators and topological superconductors which are currently restricted to few Kelvins at most. Our work proposes a microscopic picture of the chemical and physical mechanisms behind the interplay between topological order and temperature, and therefore provides a solid platform to search for novel topological materials whose topological order is robust at high temperatures. Such understanding paves the way for taking topological materials from the laboratory to technological devices.
I In this section we provide a detailed analysis of the appropriate level of theory necessary for the correct description of the physical properties of β-PbO 2 . Our conclusion is that using density functional theory (DFT) in conjunction with the Heyd-Scuseria-Ernzerhof (HSE06) screened Coulomb hybrid density functional [S24-S26] provides a reliable model for β-PbO 2 . In contrast, we show that the widely used semilocal Perdew-Burke-Ernzerhof (PBE) functional is inappropriate for a correct description of this system. Figure S1 (a) illustrates the tetragonal structure of the β-PbO 2 phase (space group: P 4 2 /mnm) in which each Pb atom is at the center of an O octahedral cage. Table I shows a comparison of the lattice parameters of PbO 2 calculated with the semilocal PBE and the hybrid HSE06 exchange-correlation functionals, and compared to experimental measurements. The HSE06 lattice parameters are within 0.5% of experimental reports [S22], whereas PBE lattice parameters overestimate the experimental reports by 2.5% and 1.9% for the a and c lattice parameters, respectively. These results are in agreement with earlier reports [S39].
Crystal structure

Electronic structure
Despite the prominent role of PbO 2 in batteries, basic questions such as whether the β-PbO 2 phase is semiconducting or (semi)metallic remain controversial [S36, S37, S39, S41, S51]. X-ray photoelectron spectroscopy measurements indicate that β-PbO 2 has a semiconducting gap but the Fermi energy lies within the conduction band [S41, S52]. There is both experimental and theoretical evidence indicating that the partially filled conduction band is due to oxygen deficiency and that β-PbO 2 is an intrinsic semiconductor [S39, S41, S52].
Previous DFT calculations using semilocal exchange-correlation functionals predict that β-PbO 2 is a nodal-line semimetal when spin-orbit coupling is neglected, and becomes a Dirac semimetal in the presence of spin-orbit coupling [S36, S51]. In contrast, using hybrid exchange-correlation functionals leads to a semiconducting band gap of about 0.23 eV [S39], which is consistent with X-ray photoemission results [S41, S52], indicating the latter provides a more accurate description of the electronic structure of PbO 2 . In our calculations, we obtain a semimetallic band structure using the PBE functional and a semiconducting band structure using the HSE06 functional. Using HSE06, we predict a minimum band gap of 0.24 eV between the valence band maximum at the R point and the conduction band minimum at the Γ point, and a minimum direct band gap at the Γ point of 0.34 eV. We conclude that the HSE06 functional is necessary for a correct description of the semiconducting nature of β-PbO 2 . Recent calculations based on a semilocal exchange-correlation functional show that β-PbO 2 is dynamically unstable and that there is a low temperature structure with space group P nnm that is more stable. These calculations also predict that the experimentally reported P 4 2 /mnm structure only exists at temperature above 200 K, stabilized by anharmonic lattice dynamics [S37].
Phonon dispersions calculated using semilocal and hybrid exchange-correlation functionals are shown in Fig. S1 (b) and (c). There is an imaginary mode at the Γ point for the PBE results [ Fig. S1(b) ], indicating dynamical instability and in good agreement with recent calculations [S37]. However, no low temperature structure has ever been reported experimentally. Using the recently proposed nondiagonal supercells [S31], we are able to recalculate the phonon dispersion using the computationally expensive HSE06 functional, as shown in Fig. S1(c) . Interestingly, the HSE06 phonon dispersion exhibits no imaginary modes, thus predicting that the experimentally observed structure is stable at all temperatures. This is consistent with the fact that β-PbO 2 is the most stable phase under normal laboratory conditions [S35]. To rationalize these results, we note that the unstable Γ point phonon at the PBE level leads to a lower-symmetry structure in which a band gap develops. This Peierls-like mechanism that lowers the density of states at the Fermi level of β-PbO 2 and thus stabilizes the gapped low-symmetry structure at the PBE level is unnecessary at the HSE06 level, because a gap already exists. Analogous physics has been reported in the two-dimensional topological insulator Pt 2 HgSe 3 [S53], suggesting that good estimates of band gaps are essential for studying topological matter.
To further confirm that HSE06 reproduces the lattice dynamics of PbO 2 better than semilocal exchange-correlation functionals, we compare the frequencies of the Raman active phonon modes calculated using PBE and HSE06 with experimental measurements [S38] in Table I . The HSE06 results show significantly better agreement with experimental measurements.
Ground state properties of β-PbO2
The above results indicate that a correct description of β-PbO 2 is only obtained using a hybrid exchange-correlation functional such as HSE06. Consistently with experiment, HSE06 predicts that β-PbO 2 is a small band gap semiconductor with a dynamically stable crystal structure. In the main text, all results have been obtained using the hybrid HSE06 functional.
BAND STRUCTURE
Spin-orbit coupling
The band edges of β-PbO 2 are comprised of the 6s states of Pb and the 2p xy states of O, and none of these exhibit strong spin-orbit coupling effects. The inclusion of spin-orbit coupling increases the direct band gap of β-PbO 2 by 30.53 meV. This implies that the tensile strain required to induce a band inversion increases as well, as shown in Fig. S2(a) . However, the weak spin-orbit coupling implies that this increase in the required strain is only of 0.2%, and in the main text we have neglected the spin-orbit coupling in all presented results.
For spinless systems, the two crossing bands on the (110) and (110) mirror symmetry planes can be labelled by +1 and −1 mirror symmetry eigenvalues, and are disallowed by mirror symmetry to hybridize with each other, forming However, the band crossings along the Γ-Z high-symmetry line are protected even in the presence of spin-orbit coupling by a fourfold screw rotation symmetryC 4z , which is a fourfold rotation about the z axis, followed by a translation by (a/2,a/2,c/2) [S47]. As the band inversion occurs for the two doubly degenerate bands with different screw eigenvalues {c 4z (1),c 4z (2)} and {c 4z (0),c 4z (3)}, there is no hybridization between these two bands, and a pair of Dirac nodes are topologically protected along the k z axis. As shown in Fig. S2(b) , the two bands along the Γ-Z high-symmetry line have different irreducible representations Γ 6 and Γ 7 . On the other hand, the two bands along the M-Γ high-symmetry line have the same irreducible representation Γ 5 , indicating that they can hybridize with each other and become gapped. Along the M-Γ high-symmetry line, the spin-orbit coupling induces a gap of 1.05 meV. Such a gap can be neglected for temperatures over 12.2 K, as the bands are broadened by k B T and hence merge together above that temperature, similar to three-dimensional graphene networks [S44]. This implies that, although β-PbO 2 is technically a Dirac semimetal in the band inverted phase, considering thermal broadening means that the physics of interest is that of a nodal line semimetal.
Using the HSE06 band structures, we generate the Wannier functions for the s orbitals of lead and the p orbitals of oxygen. The (010) surface states are calculated using an iterated surface Green's function method [S30], as shown in Fig. S2(c) . It should be noticed that the crossing bands along the X-Γ high-symmetry line are slightly gapped, whereas the topological surface states emerge from the projection of bulk Dirac point along the Γ-Z high-symmetry line. Because of the weak spin-orbit-coupling effects, the gapping of the Dirac node along the X-Γ high-symmetry line is not obvious. Thus the surface states show similar behavior to those of nodal-line semimetals. A key feature for the topological nodal-line semimetal is two-dimensional drumhead-like surface states connecting the projected Dirac nodal points, as highlighted by the yellow curve in Fig. S2(c) . Such surface states are nestled inside the nodal line with a divergent density of states, and are approximately dispersionless. The slight dispersion in Fig. S2(c) comes from the asymmetry of the inverted bands.
Many-body GW0 results
Due to a divergent density of states arising from surface states in nodal-line semimetals, strong correlation effects may occur [S55, S56], which further increases the uncertainty in accurate calculations of electronic structures. We perform GW 0 calculations [S57-S59] using the HSE06 results as a starting point in order to take exchange and correlation interactions of quasiparticles into consideration. In partially self-consistent GW 0 calculations, the Green's function G is updated in 8 iterations. The energy cutoff for the response function is set to be 300 eV. A total of 72 (valence and conduction) bands are used with a Γ-centered k-point sampling of 4 × 4 × 6. The convergence of our calculations has been checked carefully.
As shown in Fig. S3(a) , the GW 0 band gap at the Γ point increases to 0.69 eV (the HSE06 band gap at the Γ point is 0.34 eV). Increasing the lattice parameters results in a decreasing band gap. As shown in Fig. S3(b) , under a modest tensile strain of 2.07% in the (a,b) plane and 2.50% along the c axis, the GW 0 band inversion energy reaches 0.18 eV, larger than the HSE06 band inversion of 0.11 eV under the same strain. These results demonstrate the robustness of the predicted temperature-promoted topological order in the presence of strong many-body interactions (in fact it becomes more prominent at the GW 0 level).
Using the HSE06+GW 0 band structures, we generate the Wannier functions arising from the s orbitals of lead and the p orbitals of oxygen. The (010) surface states are calculated using an iterated surface Green's function method [S30]. As shown in Fig. S3(c) , the surface states are relatively dispersionless flat bands. These surface states with a divergent density of states can be detected by angle-resolved photoemission measurement [S45], and may induce high temperature superconductivity [S46].
FINITE TEMPERATURE
In this section we provide the details of the finite temperature analysis reported in the main text.
Thermal expansion
We calculate thermal expansion using the quasiharmonic approximation [S60], in which we determine the equilibrium structure at temperature T by minimizing the free energy at that temperature as a function of the (a, b) and the c lattice parameters. We emphasize that all calculations need to be performed at the HSE06 level of theory to correctly reproduce the dynamical stability of β-PbO 2 .
Based on the temperature dependent volume of β-PbO 2 , we calculate the change in the band gap arising from thermal expansion, as shown in Fig. S4(a) . Thermal expansion leads to a decrease in the band gap from 0.29 eV at 0 K to 0.21 eV at 600 K. We also note that the 0 K band gap of 0.29 eV is smaller than the static lattice band gap of 0.34 eV due to quantum zero-point motion, which also leads to lattice expansion. Taking the quantum zero-point motion into consideration, the calculated lattice constants at 0 K are a= 4.988Å and c= 3.373Å, while the static lattice constants are a= 4.974Å and c= 3.365Å.
We fit a Bose-Einstein oscillator model [S61] to the temperature-dependent band gap:
where T is temperature, k B is the Boltzmann constant, and (A 0 , A 1 , ω) are the fitting parameters. This model correctly reproduces the computational data, as shown in Fig. S4(a) . The 0 K value is given by A 0 = 0.2923 eV, the coupling strength between band gap and volume is given by A 1 = −0.1802 eV, and the effective phonon frequency by ω = 59.80 meV.
Electron-phonon coupling
We calculate the change in the band gap of β-PbO 2 arising from electron-phonon coupling by evaluating the expectation value of the band gap with respect to the nuclear vibrational density. The expectation value is calculated using a stochastic sampling technique, accelerated by means of thermal lines [S32, S33]. The number of stochastic samples used is different at each temperature, and is chosen so as to reduce the statistical uncertainty to below about 5 meV.
All calculations are performed at the HSE06 level of theory using a 4 × 4 × 4 supercell, and the total number of sampled configurations across all considered temperatures (0-300 K) is over 300. We fit a Bose-Einstein oscillator model [S61] to the change of the band gap with temperature arising from electron-phonon coupling, as shown in Fig. S4(b) . The model allows us to extrapolate the calculated results up to 600 K, a necessary step because the computational expense of electron-phonon coupling calculations increases with increasing temperature due to the larger number of configurations that need to be considered at higher temperatures, making explicit calculations at the higher temperature range prohibitive.
As shown in Fig. S4(b) , including electron-phonon coupling leads to a 0 K band gap of 0.28 eV, which decreases to 0.17 eV at 600 K. For the Bose-Einstein oscillator fit, the 0 K band gap value is A 0 = 0.2837 eV, the electron-phonon coupling strength has a fitted value of A 1 = −0.2234, and the effective frequency is ω = 47.82 meV, corresponding to a phonon frequency of 385.45 cm −1 .
Temperature dependence of the band gap
The overall temperature dependence of the band gap of β-PbO 2 is a combination of thermal expansion and electronphonon coupling. The combined results are shown in Fig. S4(c) , and show that the band gap at 0 K has a value of 0.23 eV, compared to a static lattice value of 0.34 eV. With increasing temperature, thermal expansion and electronphonon coupling favor the topological phase. Taking both effects into consideration, a topological phase transition can be induced at 595 K. As discussed in the main text, the application of tensile strain enables the reduction of the transition temperature all the way to 0 K.
